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Abstrat
Considering the hypothesis of mixing of three ative neutrinos with, at least, one
sterile neutrino, we report on a simple 4 × 4 texture whose 3 × 3 part arises from the
popular bimaximal texture for three ative neutrinos νe , νµ , ντ , where c12 = 1/
√
2 = s12,
c23 = 1/
√
2 = s23 and s13 = 0. Suh a 3 × 3 bimaximal texture is perturbed through a
rotation in the 14 plane, where ν4 is the extra neutrino mass state indued by the sterile
neutrino νs whih beomes responsible for the LSND eet. Then, with m
2
1 ≃ m22 we
predit that sin2 2θatm =
1
2
(1 + c214) ∼ 0.99 and sin2 2θLSND = 12s414 ∼ 4.5 × 10−4, and
in addition ∆m2atm = ∆m
2
32 and ∆m
2
LSND = |∆m241|, where c214 = sin2 2θsol ∼ 0.97 and
∆m221 = ∆m
2
sol ∼ 10−7 eV2 if e.g. the LOW solar solution is applied. In this four-neutrino
texture with m21 ≃ m22 the sum rule sin2 2θsol + 12 sin2 2θChooz + sin2 2θLSND = 1 holds in
the two-avor approximation (for eah of three ases), leaving room for the LSND eet,
depending on the magnitude of Chooz eet that, not observed so far, leads (at present)
to the upper bound sin2 2θLSND
<∼ 1.3 × 10−3 and the lower bound sin2 2θsol >∼ 0.95. At
the end a four-neutrino seesaw mehanism is skethed.
PACS numbers: 12.15.Ff , 14.60.Pq , 12.15.Hh .
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The present status of experimental data for atmospheri νµ's as well as solar νe's
favours osillations between three onventional neutrinos νe , νµ , ντ only [1℄. However, the
problem of the third neutrino mass-square dierene, related to the possible LSND eet
for aelerator νµ's, is still atual [2℄, stimulating a further disussion about mixing of these
three ative neutrinos with, at least, one hypothetial sterile neutrino νs (although suh a
sterile neutrino is not neessarily able to explain the LSND eet [3℄). As a ontribution
to this disussion, we report in this note on a simple 4×4 texture for three ative and one
sterile neutrinos, νe , νµ , ντ and νs, whose 3 × 3 part arises from the popular bimaximal
texture [4℄ working grosso modo in a satisfatory way for solar νe's and atmospheri νµ's
if the LSND eet is ignored. Suh a 3 × 3 bimaximal texture is perturbed [5℄ by the
sterile neutrino νs induing one extra neutrino mass state ν4 and so, beoming responsible
for the possible LSND eet. In fat, with the use of our 4 × 4 texture we predit that
sin2 2θLSND =
1
2
s414 and ∆m
2
LSND = |∆m241|, while sin2 2θsol = c214 and ∆m2sol = ∆m221 as
well as sin2 2θatm =
1
2
(1 + c214) and ∆m
2
atm = ∆m
2
32, if m
2
1 ≃ m22 (and both are dierent
enough from m23 and m
2
4). Here, c
2
14 ∼ 0.97 and ∆m221 ∼ 10−7 eV2 if e.g. the LOW solar
solution [1,6,7℄ in its reent estimation [7℄ is aepted; then we predit sin2 2θatm ∼ 0.99
and sin2 2θLSND ∼ 4.5× 10−4.
In the popular 3× 3 bimaximal texture the mixing matrix has the form [4℄
U (3) =


1/
√
2 1/
√
2 0
−1/2 1/2 1/√2
1/2 −1/2 1/√2

 . (1)
Suh a form orresponds to c12 = 1/
√
2 = s12, c23 = 1/
√
2 = s23 and s13 = 0 in the
notation used for a generi CabibboKobayashiMaskawatype matrix [8℄ (if the LSND
eet is ignored, the upper bound |s13| <∼ 0.1 follows from the negative result of Chooz
reator experiment [9℄). Going out from the form (1), we propose in the 4× 4 texture the
following mixing matrix:
U=


0
U (3) 0
0
0 0 0 1




c14 0 0 s14
0 1 0 0
0 0 1 0
−s14 0 0 c14

=


c14/
√
2 1/
√
2 0 s14/
√
2
−c14/2 1/2 1/
√
2 −s14/2
c14/2 −1/2 1/
√
2 s14/2
−s14 0 0 c14

 (2)
1
with c14 = cos θ14 and s14 = sin θ14 (note that in Eq. (2) only s12, s23 and s14 of all sij
with i, j = 1, 2, 3, 4 , i < j are nonzero).The unitary transformation desribing the mixing
of four neutrinos να = νe , νµ , ντ , νs is inverse to the form
να =
∑
i
Uαiνi , (3)
where νi = ν1 , ν2 , ν3 , ν4 denote four massive neutrino states arrying the masses mi =
m1 , m2 , m3 , m4. Here, U = (Uαi) , α = e , µ , τ , s and i = 1, 2, 3, 4. Of ourse, U
† =
U−1 and also U∗ = U , so that a tiny CP violation is ignored.
In the representation, where the mass matrix of three harged leptons e− , µ− , τ− is
diagonal, the 4×4 neutrino mixing matrix U is at the same time the diagonalizing matrix
for the 4× 4 neutrino mass matrix M = (Mαβ):
U †MU = diag(m1 , m2 , m3 , m4) , (4)
where by denition m21 ≤ m22 ≤ m23 and either m24 ≤ m21 or m23 ≤ m24. Then, due to the
formula Mαβ =
∑
i UαimiU
∗
βi we obtain
Mee =
1
2
(
c214m1 + s
2
14m4 +m2
)
,
Meµ = −Meτ = − 1
2
√
2
(
c214m1 + s
2
14m4 −m2
)
,
Mµµ = Mττ =
1
2
[
1
2
(
c214m1 + s
2
14m4 +m2
)
+m3
]
= Mee +Mµτ ,
Mµτ = −1
2
[
1
2
(
c214m1 + s
2
14m4 +m2
)
−m3
]
,
Mes = − 1√
2
c14 s14 (m1 −m4) ,
Mµs = −Mτs = 1
2
c14 s14 (m1 −m4) = − 1√
2
Mes ,
Mss = s
2
14m1 + c
2
14m4 . (5)
Of ourse, M † = M and also M∗ = M . From Eqs. (5) we nd that
m1,4 or m4,1 =
Mee −Meµ
√
2 +Mss
2
±
√√√√(Mee −Meµ√2−Mss
2
)2
+ 2M2es ,
m2 = Mee +Meµ
√
2 , m3 = Mµµ +Mµτ (6)
if m4 ≤ m1 or m1 ≤ m4, respetively, and
2
(2c14s14)
2 =
8M2es
(Mee −Meµ
√
2−Mss)2 + 8M2es
. (7)
Obviously, m1 + m2 + m3 + m4 = Mee + Mµµ + Mττ + Mss as Mee = Mµµ −Mµτ and
Mµµ = Mττ .
Due to the mixing of four neutrino elds desribed in Eq. (3), neutrino states mix
aording to the form
|να〉 =
∑
i
U∗αi|νi〉 . (8)
This implies the following familiar formulae for probabilities of neutrino osillations να →
νβ on the energy shell:
P (να → νβ) = |〈νβ|eiPL|να〉|2 = δβα − 4
∑
j>i
U∗βjUβiUαjU
∗
αi sin
2 xji , (9)
valid if the quarti produt U∗βjUβiUαjU
∗
αi is real, what is ertainly true when a possible
CP violation an be ignored (then U∗αi = Uαi). Here,
xji = 1.27
∆m2jiL
E
, ∆m2ji = m
2
j −m2i (10)
with ∆m2ji, L and E measured in eV
2
, km and GeV, respetively (L and E denote the
experimental baseline and neutrino energy, while pi =
√
E2 −m2i ≃ E − m2i /2E are
eigenstates of the neutrino momentum P ).
With the use of osillation formulae (9), the proposal (2) for the 4×4 neutrino mixing
matrix leads to the probabilities
P (νe → νe) ≃ 1− c214 sin2 x21 −
(
1 + c214
)
s214 sin
2 x41 ,
P (νµ → νµ) = P (ντ → ντ ) ≃ 1− 1
4
c214 sin
2 x21 − 1
2
(1 + c214)
(
sin2 x32 +
1
2
s214 sin
2 x41
)
−1
2
s214 sin
2 x43 ,
P (νµ → νe) = P (ντ → νe) ≃ 1
2
(
c214 sin
2 x21 + s
4
14 sin
2 x41
)
,
P (νµ → ντ ) ≃ −1
4
c214 sin
2 x21 +
1
2
(1 + c214)
(
sin2 x32 − 1
2
s214 sin
2 x41
)
+
1
2
s214 sin
2 x43 (11)
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in the approximation, where m21 ≃ m22 (and both are dierent enough from m23 and m24).
The probabilities involving the sterile neutrino νs read:
P (νµ → νs) = P (ντ → νs) = (c14s14)2 sin2 x41 ,
P (νe → νs) = 2(c14s14)2 sin2 x41 ,
P (νs → νs) = 1− (2c14s14)2 sin2x41 . (12)
If ∆m221 ≪ |∆m241| (i.e., x21 ≪ |x41|) and [1,6,7℄
∆m221 = ∆m
2
sol ∼ (10−5 or 10−7 or 10−10) eV2 , (13)
then, under the onditions of solar experiments the rst Eq. (11) gives
P (νe → νe)sol ≃ 1− c214 sin2(x21)sol −
1
2
(1 + c214)s
2
14 (14)
with the estimate
c214 = sin
2 2θsol ∼ (0.66 or 0.97 or 0.80) , 1
2
(1 + c214)s
2
14 ∼ (0.28 or 0.030 or 0.18) , (15)
if the onstant term in Eq. (14) an be onsidered as a small perturbation of the usual
two-avor formula. In Eqs. (13) and (15) the reent estimation [7℄ for the LMA or LOW
or VAC solar solution, respetively, is used. Note that
P (νe → νe)sol ≃ 1− P (νe → νµ)sol − P (νe → ντ )sol − (c14s14)2 (16)
with (c14s14)
2 ∼ (0.22 or 0.029 or 0.16).
If ∆m221 ≪ ∆m232 ≪ |∆m241| , |∆m243| (i.e., x21 ≪ x32 ≪ |x41| , |x43|) and [1℄
∆m232 = ∆m
2
atm ∼ 3× 10−3 eV2 , (17)
then for atmospheri experiments the seond Eq. (11) leads to
P (νµ → νµ)atm ≃ 1− 1
2
(1 + c214) sin
2(x32)atm − 1
8
(3 + c214)s
2
14 (18)
with the predition
4
sin2 2θatm =
1
2
(1 + c214) ∼ (0.83 or 0.99 or 0.90) ,
1
8
(3 + c214)s
2
14 ∼ (0.16 or 0.015 or 0.095)
(19)
following from the value (15) of c214, if again the onstant term in Eq. (18) an be
onsidered as a small perturbation. Notie that
P (νµ → νµ)atm ≃ 1− P (νµ → ντ )atm − 1
4
(1 + c214)s
2
14 (20)
with (1 + c214)s
2
14/4 ∼ (0.14 or 0.015 or 0.09).
Eventually, if ∆m221 ≪ |∆m241| (i.e., x21 ≪ |x41|) and [2℄
|∆m241| = ∆m2LSND > 0.1 , e.g . ∼ 1 eV2 , (21)
then for the LSND aelerator experiment the third Eq. (11) implies
P (νµ → νe)LSND ≃ 1
2
s414 sin
2(x41)LSND (22)
with the predition
sin2 2θLSND =
1
2
s414 ∼ (0.058 or 4.5× 10−4 or 0.020) (23)
inferred from the value (15) of c214. Note that
P (νµ → νe)LSND ≃ 1
2
(
s14
c14
)2
P (νµ → νs)LSND (24)
with
1
2
(s14/c14)
2 ∼ (0.13 or 4.8× 10−4 or 0.031).
It may be worthwhile to remark that if there were c214 = sin
2 2θsol ∼ 0.9 (as in the ase
of older estimations for the LOW solar solution [1℄), our preditions would be sin2 2θatm =
1
2
(1 + c214) ∼ 0.95 and sin2 2θLSND = 12s414 ∼ 5× 10−3.
Conluding, we an say that Eqs. (14), (18) and (22) are not inonsistent with so-
lar, atmospheri and LSND experiments. All three depend on one ommon orrelating
parameter c214, implying c
2
14 = sin
2 2θsol ∼ (0.66 or 0.97 or 0.80), sin2 2θatm = 12(1 + c214) ∼
(0.83 or 0.99 or 0.90) and sin2 2θLSND =
1
2
s414 ∼ (0.058 or 4.5× 10−4 or 0.020). They depend
also on three dierent mass-square sales ∆m221 = ∆m
2
sol ∼ (10−5 or 10−7 or 10−10) eV2,
∆m232 = ∆m
2
atm ∼ 3× 10−3 eV2 and |∆m241| = ∆m2LSND ∼ 1 eV2. Here, the LMA or LOW
5
or VAC solar solution [7℄ is aepted (perturbatively). Note that in Eqs. (14) and (18)
there are onstant terms whih modify moderately the usual twoavor formulae. Any
LSNDtype aelerator projet, in ontrast to the solar and atmospheri experiments,
investigates a small νµ → νe osillation eet aused possibly by the sterile neutrino νs.
Thus, this eet (if it exists) plays the role of a small "sterile" perturbation of the basi
bimaximal texture for three ative neutrinos νe , νµ , ντ . Of ourse, if s14 were zero, suh
an LSND eet would not exist and both solar νe → νe and atmospheri νµ → νµ osil-
lations would be maximal. So, from the standpoint of our texture (2), the estimated not
full maximality of solar νe → νe osillations may be onsidered as an argument for the
existene of the LSND eet.
The nal results (14), (18) and (22) follow from the rst three osillation formulae
(11), if either
m24 ≪ m21 ≃ m22 ≃ m23 (25)
with
m21 ∼ 1 eV2 , m24 ≪ 1 eV2 , ∆m221 ∼ (10−5 or 10−7 or 10−10) eV2 , ∆m232 ∼ 3× 10−3 eV2
(26)
or
m21 ≃ m22 ≪ m23 ≪ m24 (27)
with
m21 ≪ 1 eV2 , m24 ∼ 1 eV2 , ∆m221 ∼ (10−5 or 10−7 or 10−10) eV2 , ∆m232 ∼ 3× 10−3 eV2 .
(28)
In both ases ∆m221 ≪ ∆m232 ≪ |∆m241| ∼ 1 eV2. The rst ase of m24 ≪ m21 ∼ 1 eV2,
where the neutrino mass state ν4 indued by the sterile neutrino νs gets a vanishing mass,
seems to be more natural than the seond ase of m23 ≪ m24 ∼ 1 eV2, where suh a
state gains a onsiderable amount of mass ∼ 1 eV "for nothing". This is so, unless one
believes in the liberal maxim "whatever is not forbidden is allowed". Note that in the rst
6
ase the neutrino mass states ν1 , ν2 , ν3 get their onsiderable masses ∼ 1 eV through
spontaneously breaking the eletroweak SU(2)L×U(1) symmetry whih, if it were not
broken, would forbid these masses.
Finally, for the Chooz reator experiment [9℄, where it happens that (xji)Chooz ≃
(xji)atm, the rst Eq. (11) predits
P (ν¯e → ν¯e)Chooz ≃ P (ν¯e → ν¯e)atm ≃ 1− 1
2
(1 + c214)s
2
14 (29)
with
1
2
(1 + c214)s
2
14 ∼ (0.28 or 0.030 or 0.18) from Eq. (15). Here, sin2(x41)Chooz = 12 sine
|(x41)Chooz| ≃ |(x41)atm| ≫ (x32)atm ∼ 1 with |∆m241| ≫ ∆m232.
In terms of the usual twoavor formula, the negative result of Chooz experiment ex-
ludes the disappearane proess of reator ν¯e's for moving (1+c
2
14)s
2
14 ≡ sin2 2θChooz >∼0.1,
when the range of moving |∆m241| ≡ ∆m2Chooz >∼ 0.1 eV2 is onsidered ( then ∆m2Chooz ≫
∆m2atm ∼ 3× 10−3 eV2, implying sin2 xChooz = 12). Thus, the nonobservation of Chooz ef-
fet for reator ν¯e's in the above parameter ranges leads to (1+c
2
14)s
2
14
<∼ 0.1 and hene, to
the upper bound sin2 2θLSND ≡ 12s414
<∼ 1.3× 10−3, when ∆m2LSND ≡ |∆m241| ≡ ∆m2Chooz >∼
0.1 eV2. It means that sin2 2θLSND, onstrained by Chooz (in our four-neutrino texture),
lies outside the parameter region suggested at 90% CL by the existing LSND data [2℄,
if the KARMEN2 results [2℄ exluding a large part of this region are taken into aount
(in fat, in this orreted region sin2 2θLSND
>∼ 2 × 10−3). But, at 99% CL, this may be
not true, allowing for ∆m2LSND
>∼ 1 eV2 (as, then, in the existing LSND parameter region
sin2 2θLSND
>∼ 8 × 10−4). At any rate, among three solar neutrino solutions onsidered
here [7℄, only the LOW solution is onsistent with the Chooz bound [f. Eq. (23)℄. Also
the value sin2 2θLSND ∼ 5× 10−3, mentioned before as orresponding to older estimations
for LOW solar solution [1℄: sin2 2θsol ∼ 0.9, is eliminated by this bound.
However, the Chooz-allowed, LOW-indued value sin2 2θLSND ∼ 4.5 × 10−4 orre-
sponding to sin2 2θsol ∼ 0.97 is situated (in ontrast to sin2 xLSND ∼ 5× 10−3) outside the
parameter region implied by the existing LSND data [2℄ (even at 99% CL).
Of ourse, the existene of Chooz bound for the LSND eet and of the relation of the
latter to solar neutrino solutions is aused by the orrelations between dierent neutrino-
osillation modes onneted through the parameter s214 appearing in our four-neutrino
texture [f. Eqs. (11)℄. In fat, the identities
1
2
s414 =
1
2
(1 − c214)2 , (1 + c214)s214 = 1 − c414
7
and c214 +
1
2
(1 + c214)s
2
14 +
1
2
s414 = 1 an be translated into the orrelations
sin2 2θLSND =
1
2
(1− sin2 2θsol)2 , sin2 2θChooz = 1− sin4 2θsol (30)
and the sum rule
sin2 2θsol +
1
2
sin2 2θChooz + sin
2 2θLSND = 1 (31)
for three neutrino-osillation amplitudes (eah in the reasonable two-avor approxima-
tion). The sum rule (31) an be derived also from the probability summation relation∑
β P (νe → νβ) = 1 (with β = e , µ , τ , s) onsidered under the assumption m21 ≃ m22 for
solar νe's (when |(x41)sol| ≫ (x21)sol ≃ pi/2).
We an see that, when aepting the present Chooz results, we stand with our four-
neutrino texture before the alternative: either there is no LSND eet at all (then
sin2 2θLSND ≡ 12s414 = 0 and we are left with the three-neutrino bimaximal texture [4,8℄),
or this eet exists all right, but at a point in the parameter spae, where the osillation
amplitude sin2 2θLSND is shifted (versus the existing LSND data) towards a smaller value
sin2 2θLSND ≡ 12s414
<∼ 1.3 × 10−3 (though >0). Note that, if sin2 2θLSND ≡ 12s414 was at
the Chooz bound value 1.3 × 10−3, then sin2 2θsol ≡ c214 would be at 0.95. If, rather,
sin2 2θLSND ≡ 12s414 was at the value 8×10−4 equal to its existing LSND lower limit at 99%
CL, then sin2 2θsol ≡ c214 would be at 0.96. Of ourse, we should keep in mind the fat
that the present estimates for sin2 2θsol (and even more for sin
2 2θLSND) are preliminary
and, in fat, very fragile.
From the neutrinoless double β deay, not observed so far, the experimental bound
M ee ≡ |∑i U2eimi| <∼ [0.4 (0.2)− 1.0 (0.6)] eV follows [10℄ (here, U2ei appears even if U∗ei 6=
Uei). On the other hand,for e.g. the LOW solar solution the rst Eq. (5) gives
M ee = |Mee| ∼ 1
2
|0.97m1 + 0.03m4 +m2| , (32)
what in the ase of Eq. (25) with m1∼±1 eV and m2∼1 eV or Eq. (27) with |m4|∼1 eV
leads to the estimation M ee ∼ (0.99, 0.015) eV or M ee ∼ 0, 015 eV, respetively (putting
M ee = |Mee| in Eq. (32) we ignore a possible violation of CP: we get U∗ei = Uei, sine
Mee =
∑
i |Uei|2mi).
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In the ase of neutrinoless double β deay we assume, of ourse, that in our texture
four avor neutrinos να = νe , νµ , ντ , νs are Majorana fermions να = ναL+ (ναL)
c
, where
ναR = (ναL)
c = (νcα)R and να = ν
c
α. Then, the neutrino mass term in the Lagrangian
density,
−L(light)mass ≡
1
2
∑
αβ
ν¯αMαβ νβ (33)
with M = (Mαβ) given in Eq. (5), is a Majorana lefthanded mass term, as να are built
up of ναL [and (ναL)
c
℄.
It may happen, however, that in this ase, beside four avor neutrinos να orrespond-
ing to four light mass neutrino states νi = ν1 , ν2, ν3 , ν4, there exist four other avour
neutrinos ν ′α = ν
′
e , ν
′
µ , ν
′
τ , ν
′
s, being also Majorana fermions ν
′
α = ν
′
αR + (ν
′
αR)
c
, where
ν ′αL = (ν
′
αR)
c = (ν ′cα )L and ν
′
α = ν
′c
α , but onneted this time with four heavy mass neutrino
states ν ′i = ν
′
1 , ν
′
2, ν
′
3 , ν
′
4. Thus, the latter may be pratially deoupled from the former
light mass neutrino states. In other words, a four-neutrino seesaw mehanism may work,
"explaining" the lightness of νi versus ν
′
i:
Mαβ ≡M (light)αβ ≃M (L)αβ −
(
M (D)M (R)−1M (D)
)
αβ
≃−
(
M (D)M (R)−1M (D)
)
αβ
,
M ′αβ ≡ M (heavy)αβ ≃ M (R)αβ , (34)
where M (L) ≪ M (D) ≪ M (R) in the perturbative sense. These 4 × 4 matries, viz.
Majorana lefthanded, Dira and Majorana righthanded, respetively, are assumed to be
real and symmetri for simpliity. Here, the overall neutrino mass term in the Lagrangian
density has the form
− Lmass ≡ 1
2
∑
αβ
(ν¯α , ν¯
′
α)

 M (L)αβ M (D)αβ
M
(D)
αβ M
(R)
αβ

( νβ
ν ′β
)
≃ −L(light)mass −L(heavy)mass . (35)
Note that the ombinations ν(D)α ≡ ναL + ν ′αR are formed in the sum of two terms with
M
(D)
αβ in Eq. (35) and play there the role of four Dira avor neutrinos.
For three onventional α = e , µ , τ the Majorana neutrinos να = ναL + (ναL)
c =
ν
(D)
αL + (ν
(D)
αL )
c
and ν ′α = ν
′
αR + (ν
′
αR)
c = ν
(D)
αR + (ν
(D)
αR )
c
were denoted also by ν(a)α and ν
(s)
α ,
9
and alled ative and onventional-sterile neutrinos, while the Dira neutrinos ν(D)α were
written simply as να (f. e.g. Ref. [5℄). Then, ν
′
αR = ν
(D)
αR were written as ναR.
The sterile neutrino νs  the extra avor neutrino onsidered in this paper beside
the ative neutrinos νe , νµ , ντ  diers in an obvious way from any of four possible
onventional-sterile neutrinos ν ′e , ν
′
µ , ν
′
τ and ν
′
s needed for the four-neutrino seesaw meh-
anism to be realized (and for four Dira neutrinos ν(D)e , ν
(D)
µ , ν
(D)
τ and ν
(D)
s to be dened).
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Appendix: Allowing for nonzero s13
If we maintain two maximal mixings c12 = 1/
√
2 = s12 and c23 = 1/
√
2 = s23, but
deide to allow s13 to be nonzero (though small, as may be expeted), then Eqs. (1) and
(2) take the forms
U (3) =


c13/
√
2 c13/
√
2 s13
−(1 + s13)/2 (1− s13)/2 c13/
√
2
(1− s13)/2 −(1 + s13)/2 c13/
√
2

 (A 1)
and
U =


c13c14/
√
2 c13/
√
2 s13 c13s14/
√
2
−(1 + s13)c14/2 (1− s13)/2 c13/
√
2 −(1 + s13)s14/2
(1− s13)c14/2 −(1 + s13)/2 c13/
√
2 (1− s13)s14/2
−s14 0 0 c14

 , (A 2)
respetively, where we put the CP violating phase δ13 = 0 [also δ14 = 0 , as before in Eq.
(2)℄.
In suh a ase, the neutrino osillation formulae (9) lead for m21 ≃ m22 to the proba-
bilities
P (νe → νe) ≃ 1− c413c214 sin2 x21 − c213
(
1 + c214
) (
2s213 sin
2 x32 + c
2
13s
2
14 sin
2 x41
)
− 2c213s213s214 sin2 x43 ,
P (νµ,τ → νµ,τ ) ≃ 1− 1
4
c413c
2
14 sin
2 x21 −
[
1
2
(1 + s213)(1 + c
2
14)∓ s13s214
]
×
[
c213 sin
2 x32+
1
2
(1±s13)2s214 sin2 x41
]
−1
2
c213(1±s13)2s214 sin2 x43 ,
P (νµ,τ → νe) ≃ 1
2
c413c
2
14 sin
2 x21 + c
2
13
[
s414 ∓ s13(1+c214)
]
×
[
∓s13 sin2 x32+1
2
(1±s13)s214 sin2 x41
]
± c213s13(1± s13)s214 sin2 x43 ,
P (νµ → ντ ) ≃ −1
4
c413c
2
14 sin
2 x21 +
1
2
c413(1 + c
2
14)
(
sin2 x32 − 1
2
s214 sin
2 x41
)
+
1
2
c413s
2
14 sin
2 x43 .
(A 3)
The probabilities involving the sterile neutrino νs are
11
P (νµ,τ → νs) = (1± s13)2c214s214 sin2 x41 ,
P (νe → νs) = 2c213c214s214 sin2 x41 ,
P (νs → νs) = 1− 4c214s214 sin2 x41 .
(A 4)
The formulae (A 3) and (A 4) are obviously redued to Eqs. (11) and (12) in the limit of
s13 → 0.
In the linear approximation with respet to a small s13 , only the probabilities P (νµ,τ→
νµ,τ ), P (νµ,τ → νe) and P (νµ,τ → νs) of those given in Eqs. (A 3) and (A 4) get orretions
to Eq. (11) and (12):
δP (νµ,τ → νµ,τ ) ≃ ±s13s214
(
sin2 x32 − c214 sin2 x41 − sin2 x43
)
,
δP (νµ,τ → νe) ≃ ∓s13s214
(
sin2 x32 + c
2
14 sin
2 x41 − sin2 x43
)
,
δP (νµ,τ → νs) ≃ ±2s13s214c214 sin2 x41 .
(A 5)
Thus, in the linear approximation in s13, when making use of Eqs. (14), (29) and (18),
(22) as well as (A 5), we obtain
P (νe → νe)sol ≃ 1− c214 sin2(x21)sol −
1
2
(1 + c214)s
2
14 ,
P (ν¯e → ν¯e)Chooz ≃ 1− 1
2
(1 + c214)s
2
14 ,
P (νµ → νµ)atm ≃ 1− 1
2
(1 + c214) sin
2(x32)atm − 1
8
(3 + c214)s
2
14
+ s13s
2
14
[
sin2(x32)atm − 1
2
(1 + c214)
]
= 1−
[
1
2
(1 + c214)− s13s214
]
sin2(x32)atm
−
[
1
8
(3 + c214) +
1
2
s13(1 + c
2
14)
]
s214 ,
P (νµ → νe)LSND ≃ 1
2
s414 sin
2(x41)LSND − s13s214
[
c214 sin
2(x41)LSND − sin2(x43)LSND
]
=
[
1
2
s414 − s13s214c214
]
sin2(x41)LSND + s13s
2
14 sin
2(x43)LSND ,
(A 6)
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where ∆m221 ≪ ∆m232 ≪ |∆m241| , |∆m243| and (x21)sol ∼ 1, (x32)atm ∼ 1, |(x41)LSND| ∼ 1.
We an see that, in this linear approximation, though the Chooz restrition (1+ c214)s
2
14
<∼
0.1 i.e., 1
2
s414
<∼ 1.3×10−3, is not hanged formally, the resulting amplitude for the possible
LSND eet beomes slightly dierent. In fat, if |∆m241| ≃ |∆m243|, what holds both in
the ase of m24 ≪ m21 ≃ m22 ≃ m23 ∼ 1 eV2 and m21 ≃ m22 ≪ m23 ≪ m24 ∼ 1 eV2, the last
Eq. (A 6) gives
P (νµ → νe)LSND ≃ 1
2
s414(1 + s13) sin
2(x41)LSND , (A 7)
leading to the osillation amplitude
sin2 2θLSND =
1
2
s414(1 + s13) , (A 8)
a little larger (smaller) than before with s13 = 0, if s13 > 0 (s13 < 0).
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